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1. Introduction
LetG = (V, E) be a simple connected graph. Thematrix L(G) = D(G) − A(G) is called the Laplacian
matrix of graph G, where D(G) is the diagonal matrix of vertex degrees of G and A(G) is the adjacency
matrix of G. It is known that L(G) is a positive semi-deﬁnite singular matrix, and
λ1(G) λ2(G) · · · λn(G) = 0.
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The largesteigenvalueofL(G) is called theLaplacian spectral radiusofG and isdenotedbyλ(G) = λ1(G).
Let Q(G) = D(G) + A(G), then we call this matrix the signless Laplacian matrix, or Q-matrix, and its
largest eigenvalue is denoted byμ(G) [2]. For the background on the Laplacian eigenvalues of a graph,
the reader is referred to [13,14] and the references therein.
The Laplacian spectral radius λ(G) is related to some important graph invariants (algebraic con-
nectivity of the complement of G, diameter, average distance), and used in theoretical chemistry [11],
combinatorial optimization [15], communication networks [18], etc.
A unicyclic graph is a connected graphwhich has equal vertex number and edge number. A pendent
path in a connected graph G is a path attached to some vertex of G. A subset S of V(G) is called an
independent set of G if no two vertices in S are adjacent in G. The independence number of G, denoted
by α(G), is the size of a maximum independent set of G. For a vertex v in G, NG(v) denotes the set of
neighbors of v anddv denotes thedegreeof v. For twoverticesu and v inG, thedistancebetweenu and v,
denotedbyd(u, v), is the lengthof a shortestpath joininguandv inG. Suppose thatU ⊆ V(G), u ∈ V(G)
and u /∈ U, the distance between u and U, denoted by d(u, U), is theminimum distance between u and
a vertex inU. For S ⊂ V(G), G[S]denote the subgraph induced by S. For other notations in graph theory,
we follow [20].
Theeigenvaluesof unicyclic graphs associatedwith their adjacencymatrices andLaplacianmatrices
are well studied. The adjacency spectral radius of unicyclic graphs was studied in [1,17], while the
algebraic connectivity of unicyclic graphs was studied in [3]. In [9], the upper and lower bounds for
λ(G) of unicyclic graphs were presented. Guo in [7] characterized the maximum Laplacian spectral
radius of unicyclic graphs with ﬁxed girth. The Laplacian spectral radius of unicyclic, bicyclic and
tricyclic graphs with k pendent vertices and given girth were studied in [10,22,23]. Stevanovic´ and Ilic´
in [19] characterized the extremal unicyclic graphs with minimal and maximal Laplacian coefﬁcients.
In [25], Zhang studied the Laplacian spectral radius of trees with given independence number. In
this paper, we continue the research for unicyclic graphs. The paper is organized as follows. In Section
2, some preliminary results are presented. In Section 3, we give a complete characterization of the
extremal graphs with maximal Laplacian spectral radius among unicyclic graphs with given order
and given number of pendent vertices k, 0 k n − 3. In Section 4, we study the Laplacian spectral
radius of unicyclic graphs with given independence number and characterize the extremal graphs
completely.
2. Preliminaries
We present some lemmas that will be used in the next sections.
Lemma 2.1 ([5]). Let G be a connected graph. Then λ(G)μ(G), the equality holds if and only if G is
bipartite.
Lemma 2.2 ([6]). Let G be a graph on n vertices with at least one edge and the maximum vertex degree Δ.
Then λ(G)Δ + 1. If G is connected, the equality holds if and only if Δ = n − 1.
Lemma2.3 ([16]). LetG bea connected graph.Thenλ(G)max{du + mu : u ∈ V(G)},wheremu satisﬁes
dumu = ∑vu∈E(G) dv. The equality holds if and only if G is regular bipartite or semiregular bipartite.
Suppose that F is a semiregular bipartite graph with bipartition (U,W). Denote by F+ the super-
graph of F with the following property: if uv ∈ E(F+), then either uv ∈ E(F) or u, v ∈ U (respectively,
W) with NW (u) = NW (v) (respectively NU(u) = NU(v)). Let Ψ ={F+ : F is a semiregular bipartite
graph}.
Lemma 2.4 ([21]). Let G be a connected graph. Then
λ(G)max{du + dv − |N(u) ∩ N(v)| : uv ∈ E(G)}.
The equality holds if and only if G ∈ Ψ .
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Next, we consider the graph Guv obtained from the connected graph G by subdividing the edge uv
(replacing uv by edges uw and vw, where w is an additional vertex). The following two types of paths
are called internal paths:
(i) A sequence of distinct vertices v0, v1, . . . , vk (k 2), where vk+1 ≡ v0 has degree at least 3,while
dvi = 2 for 1 i k, and vi−1vi ∈ E(G) (i = 1, 2, . . . , k + 1).
(ii) A sequence of distinct vertices v0, v1, . . . , vk+1(k 0), such that dv0  3, dvk+1  3, dvi = 2 for
1 i k, and vi−1vi ∈ E(G) (i = 1, 2, . . . , k + 1).
Lemma 2.5 ([4]). Let G be a connected graph and uv be some edge on the internal path of G as we deﬁned
above. Then μ(Guv) < μ(G). In particular, if G is bipartite, then λ(Guv) < λ(G).
Lemma 2.6. Let G be a connected graph and P a pendent path in G. Suppose that e is an edge in P
and G′ is the graph obtained from G by subdividing e. Then, μ(G) < μ(G′). If G is bipartite, then λ(G) <
λ(G′).
Proof. Since G is a proper subgraph of G′, we have μ(G) < μ(G′). If G is a bipartite graph, then G′ is
also bipartite, so λ(G) = μ(G) and λ(G′) = μ(G′), which implies the result. 
Lemma 2.7. Let G be a connected graph. Suppose that v1 and vk(k 2) are vertices of degree at least
three, and N(v1) ∩ N(vk) = ∅. Suppose further that the unique path P = v1v2 · · · vk from v1 to vk is an
internal path. Let G′ be a connected graph obtained form G by collapsing the entire path (i.e. delete all
edges {v1v2, v2v3, . . . , vk−1vk} and identify the vertices v1, v2, . . . , vk). Then μ(G) < μ(G′).
Proof. If k > 2, using Lemma 2.5 we contract the internal path P until only one edge is left, while
simultaneously increasing the signless Laplacian spectral radius. The rest of the proof is similar to
Theorem 4.11 in [5] and we omit it. 
Lemma2.8 ([7]). Let G be a connected graph on n vertices. Suppose that v1, v2, . . . , vs(s 2) are vertices of
G, such that G[v1, v2, . . . , vs] = sK1 (i.e., the s vertices induce an empty subgraph) and N(v1) = N(v2) =
· · · = N(vs). LetGt beagraphobtained fromGbyaddingany t
(
0 t  s(s−1)
2
)
edges amongv1, v2, . . . , vs.
Then λ(G) = λ(Gt).
Lemma 2.9 ([8]). Let u be a vertex of a simple connected graph G. For nonnegative integers k and l, let
G(k, l) denote the graph obtained fromG by adding pendent paths of length k and l attached at u. If k l 1,
then
λ(G(k, l)) λ(G(k + 1, l − 1)).
The equality holds if and only if there exists a unit eigenvector of Gk,l corresponding to λ(G(k, l)) taking the
value 0 on the vertex u. Furthermore, the inequality is strict if G is bipartite.
3. Unicyclic graphs with k pendent vertices
We denote by Cn,g the unicyclic graph obtained from a cycle Cg on g vertices by identifying one
vertex with an endvertex of a path on n − g + 1 vertices. For g  3, let Ug,k be the unicyclic graph
on n k + 4 vertices obtained from Cg by attaching k pendent paths of almost equal lengths (i.e., the
lengths of these pendent paths differ by at most one) to one vertex of Cg , as shown in Fig. 1.
In [23], Zhang and Zhang established the following result.
Theorem 3.1. Let G be a unicyclic graph on n k + 4 vertices with k 1 pendent vertices. Then λ(G)
λ(U4,k), the equality holds if and only if G∼=U4,k.
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Fig. 1. The extremal unicyclic graph Ug,k with girth g and k pendent vertices.
Note that the case n = k + 3 was not studied in [23]. Since k n − g  n − 3 holds for unicyclic
graphs with girth g and k pendent vertices, in this section we give a complete characterization of the
extremal unicyclic graphs with k pendent vertices.
Let C3 be the cycle with V(C3) = {v1, v2, v3} and C(t1, t2, t3) be the unicyclic graph on n vertices
obtained from C3 by attaching ti pendent edges to vi(i = 1, 2, 3), respectively, where 0 t1  t2  t3
and t1 + t2 + t3 = n − 3. Obviously, C(0, 0, n − 3)∼=U3,n−3. Suppose Pn−1 = v1v2 · · · vn−1 is a path
on n − 1 vertices and let v be an isolated vertex. Let F1 = Pn−1 + vv2 and F2 = Pn−1 + vv3.
Theorem 3.2. Let G be a unicyclic graph on n k + 3 vertices with girth g  3 and k pendent vertices.
(1) If n = k + 3 and g = 3, then λ(G) λ(U3,n−3), with equality if and only if G∼=U3,n−3.
(2) If n k + 4 and g = 3, then λ(G) λ(U3,k), with equality if and only if G∼=U3,k.
(3) If n = 4, then λ(Cn,3) = λ(Cn,4) = 4. If n 5, then λ(Cn,3) < λ(Cn,4) and λ(U3,k) < λ(U4,k) for
k 2.
(4) If 1 k < n − 3, then λ(U3,k) < λ(U3,k+1). If 1 k < n − 4, then λ(U4,k) < λ(U4,k+1).
Proof of (1). By Lemma 2.2, λ(U3,n−3) = n. Since the number of pendent vertices is n − 3, it follows
that G must be of the form C(t1, t2, t3) described above. If n = 3, the result is obvious. Next, suppose
n 4.
If t1  1, then by Lemma 2.4,
λ(G)(t2 + 2) + (t3 + 2) − 1 = n − t1  n − 1 < n = λ(U3,n−3).
Therefore, we have λ(G) < λ(U3,n−3).
If t1 = 0, 1 t2  t3, then by Lemma 2.3,
λ(G) < t3 + 2 + t3 + (t2 + 2) + 2
t3 + 2  t3 + 4 = n − t2 + 1 n = λ(U3,n−3).
The last inequality holds since C(0, t2, t3) is neither a semiregular bipartite nor a regular bipartite
graph. Hence, λ(G) < λ(U3,n−3).
Proof of (2). Since n k + 4, by Lemma 2.2 it follows λ(U3,k) > (U3,k) + 1 = k + 3. Suppose uv is
the edge in G attaining max{du + dv − |N(u) ∩ N(v)| : uv ∈ E(G)}. We distinguish the following two
cases.
Case a. u is a vertex in C3.
If du = k + 2, then u is the only vertex of degree larger than 2 since G has k pendent vertices. By
repeated application of Lemma 2.9, λ(G) λ(U3,k).
If du  k + 1 and v is in C3, then du + dv  k + 4 and |N(u) ∩ N(v)| = 1. By Lemma 2.4, it follows
λ(G) k + 3 < λ(U3,k).
If du  k + 1 and v is not in C3, we discuss the following two subcases. Let the other two vertices in
C3 be x and y.
Subcase a.1. If dx  3 or dy  3, then dv − 1 + du − 2 k. By Lemma 2.4, it follows λ(G) k + 3 <
λ(U3,k).
Subcase a.2. If dx = dy = 2, then we delete the edge xy and get a tree T ′ with k + 2 pendent
vertices. By Lemma 2.8, it follows λ(G) = λ(T ′).
938 L. Feng et al. / Linear Algebra and its Applications 433 (2010) 934–944
If there is a vertex w /= u in T ′ of degree at least 3, without loss of generality assume d(u, w) is
the smallest among all vertices of T ′ with degree at least 3. By Lemmas 2.5 and 2.7, we can delete
the internal path u − w and identify u and w to obtain a tree T1 with λ(T ′) = μ(T ′) < μ(T1). In
T1, subdividing an arbitrary pendent edge different from xu and yu several times if necessary, we
get a tree T2 with the same order as T
′. By Lemma 2.6, it holds μ(T1) < μ(T2). Note that T2 has
k + 2 pendent vertices, but the number of vertices of degree greater than or equal to 3 is decreased
and λ(G) = λ(T ′) = μ(T ′)μ(T1)μ(T2). Continuing as above, we can ﬁnd a tree T3 having k + 2
pendent vertices, keeping the edges xu and yu ﬁxed, and having exactly one vertex of degree at least
3. By Lemmas 2.1 and 2.9, we haveμ(T3)μ(G′) = λ(G′), where G′ is obtained from U3,k by deleting
the edge from the cycle connecting two vertices of degree 2. By Lemma 2.8, it follows λ(G′) = λ(U3,k),
and hence λ(G) λ(U3,k).
Case b. u is not a vertex in C3.
If v is a vertex in C3, we can get the result similarly as above. Otherwise, v is not a vertex in
C3. Since every tree on n > 2 vertices has at least two pendent vertices, by Lemma 2.4 it follows
λ(G) du + dv  k + 3 < λ(U3,k).
This completes the proof of (2).
Proof of (3). For n = 4, we have λ(Cn,3) = λ(Cn,4) = 4. If n 5, by Lemma 2.8 we have λ(Cn,3) =
λ(F1). By Lemma 2.9, it follows λ(F1) < λ(F2). Adding the edge v1v in F2, we have λ(F2) = μ(F2) <
μ(Cn,4) = λ(Cn,4) and ﬁnally λ(Cn,3) < λ(Cn,4).
Let u, v, w be the vertices of C3 in U3,k , such that du = dv = 2 and dw = k + 2. Since k n − 4,
there is a pendent vertex z inU3,k such that the neighbor y of z is of degree 2. LetH1 = U3,k − uv, H2 =
H1 − yz + uz, H3 = H2 + vz. Obverse that H1, H2 and H3 are bipartite graphs.
By Lemmas 2.8, 2.9 and 2.1, we have
λ(U3,k) = λ(H1) λ(H2) = μ(H2) < μ(H3)μ(U4,k) = λ(U4,k),
and ﬁnally λ(U3,k) < λ(U4,k).
Proof of (4). As in the proof of (3), there exist an induced path P = wu1u2 · · · ul (l 2) attached to
the vertex w in U3,k . Let T2 = H1 − ul−1ul + wul . By Lemma 2.9, it follows λ(T2) > λ(H1). Let U′ =
T2 + uv, and by Lemma 2.8, it follows λ(T2) = λ(U′). After balancing the pendent paths, we have
λ(U3,k) = λ(H1) < λ(T2) = λ(U′) λ(U3,k+1),
which implies the result.
Note that U4,k is a bipartite graph. Since k < n − 4, there exist an induced path P = u1u2 · · · ul
(l 3) attached to the root vertex u1 of U4,k , where u1 is the vertex of degree k + 2. Let U = U4,k −
ul−1ul + u1ul be the unicyclic graph with girth 4 and k + 1 pendent vertices. By Lemma 2.9, we get
λ(U4,k) < λ(U) λ(U4,k+1), which implies the result. 
Corollary 3.3 ([9]). Let G be a unicyclic graph of order n. Then λ(G) λ(U3,n−3). The equality holds if and
only if G∼=U3,n−3.
Proof. If the girth of G is equal to 3, then by Theorem 3.2, we have λ(G) λ(U3,n−3). The equality
holds if and only if G∼=U3,n−3.
If the girth of G is greater than 3, then by Theorem 3.1 and Theorem 3.2, we have λ(G) λ(U4,n−4).
The equality holds if and only if G∼=U4,n−4.
By Lemma 2.2, it follows λ(U3,n−3) = n; while by Lemma 2.4, it follows λ(U4,n−4) < n. This com-
pletes the proof. 
4. Unicyclic graphs with independence number α
Lemma 4.1 ([12]). Let G be a connected graph and u, v be two vertices of G. Suppose v1, v2, . . . , vs ∈
N(v) \ (N(u) ∪ {u})(1 s dv), and G∗ = G − vv1 − vv2 − · · · − vvs + uv1 + uv2 + · · · + uvs. Let
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Fig. 2. The extremal unicyclic graph U∗n,α with independence number α.
X = (x1, x2, . . . , xn) be the principal eigenvector of Q(G), where xi corresponds to vi(1 i n). If xv <
xu, then μ(G) < μ(G
∗).
Lemma 4.2 ([7]). Suppose u, v are two distinct vertices of a connected graph G. Let Gt be the graph
obtained from G by attaching t new paths vvi1vi2 · · · viqi(i = 1, 2, . . . , t) at v. Let X be a unit eigenvector
of Gt corresponding to λ(Gt) 4. Let
Gu = Gt − vv11 − vv21 − · · · − vvt1 + uv11 − uv21 − · · · − uvt1.
If |xu| |xv|, then λ(Gu) λ(Gt). Furthermore, if |xu| > |xv|, then λ(Gu) > λ(Gt).
Lemma 4.3 ([24]). Let G be a unicyclic graph of order n with independence number α(G). Then α(G)
n−1
2
.
Since all pendent vertices form an independent set of G, we have
Lemma 4.4. Let G be a unicyclic graph of order n 3with independence numberα(G). Then G has atmost
α(G) pendent vertices.
4.1. Unicyclic graphs with girth 3
We need the following graph. If n−1
2
α < n − 1, then U∗n,α is the unicyclic graph obtained from
the cycleC3 by attaching 2α − n + 1pendent edges andn − α − 2paths of length twoat one vertex of
C3, as shown in Fig. 2. Clearly, the graph U
∗
n,α has n vertices, α − 1 pendent vertices and independence
number α. Note that for α  n−1
2
, U3,α−1 is isomorphic to U∗n,α .
For α = 1, the unique unicyclic graph is C3 = U∗3,1.
Theorem 4.5. Let G be a unicyclic graph of order n 3 with p pendent vertices, girth 3 and independence
number α  2. If pα − 1, then λ(G) λ(U∗n,α). The equality holds if and only if G∼=U∗n,α.
Proof. By Theorem 3.2, we have λ(G) λ(U3,p). Using Lemma 4.3, it follows λ(U3,p) λ(U3,α−1) =
λ(U∗n,α), since U3,α−1 ∼=U∗n,α for α  n−12 .
Moreover, the ﬁrst equality holds if and only ifG is isomorphic toU3,p and the second equality holds
if and only if p = α − 1. 
Next by Lemma 4.4, we need only to consider the case when the number of pendent vertices p of a
unicyclic graph G is equal to its independence number α. If α = 1 or α = 2, the unicyclic graphs with
p = α does not exist. In the following, we shall assume that α  3.
Let C3 be the cyclewith V(C3) = {v1, v2, v3}. The unicyclic graphU∗∗n,α , as shown in Fig. 3, is obtained
from C3 by attaching one pendent edge to v1 and v2, respectively, and then attaching 2α − n + 1
pendent edges and n − α − 3 pendent paths of length two at v3. Clearly,U∗∗n,α has n vertices,α pendent
vertices and independence number α.
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Fig. 3. The unicyclic graph U∗∗n,α .
Fig. 4. The unicyclic graph V∗n,α .
Theorem 4.6. Let G be a unicyclic graph of order n 6 with p pendent vertices, girth 3 and independence
number α  3. If p = α, then λ(G) < λ(U∗n,α).
Proof. Let C be the cycle ofGwith V(C) = {v1, v2, v3}. Since p = α, each vertex ofG is either a pendent
vertex or a neighbor of a pendent vertex. Hence each vi(i = 1, 2, 3) has at least one pendent vertex as
its neighbor and dvi  3. Therefore, 3 n − p = n − α and nα + 3. Together with Lemma 4.3, we
have α + 3 n 2α + 1.
If α = 3, then n = 6 or n = 7. The unicyclic graph with 6 or 7 vertices satisfying p = α = 3 is
uniquely U∗∗6,3, where U∗∗6,3 is shown in Fig. 3.
Suppose that the trees rooted at vi are Ti, i = 1, 2, 3.
If there exist at least one vertexw in T1, outsideC havingdegree at least 3, then dv1 − 2 + dv2 − 2 +
dv3 − 2α − 1 and hence dv1 + dv2 + dv3 α + 5. Therefore, dvi + dvj − 1α + 1 for i /= j. Since
subtrees rooted at v1 and w have at least one pendent vertex, it follows dw + dv1 α + 2. If there is
another vertexw′ in T1 such that dw′  3, then (dw − 2) + (dw′ − 1)α − 3 and dw + dw′ α. In all
cases, by Lemma 2.4, we have λ(G) < α + 2 < λ(U∗n,α).
If all vertices in Ti havedegree atmost 2, then thedistancebetweenanypendent vertex and the cycle
is atmost 2. Comparing the eigencomponents corresponding toλ(G), by Lemma4.2,we can reattach all
pendent paths of length one or two at one vertex ofC, anddonot decrease the Laplacian spectral radius.
Therefore,λ(G) λ(U∗∗n,α). Finally, by Lemma2.2 and Lemma2.4,wehaveλ(U∗n,α) > α + 2 > λ(U∗∗n,α).
This completes the proof. 
4.2. Unicyclic graphs with girth at least 4
We need the following graph which would be helpful in the sequel. If n
2
α < n − 1, then V∗n,α
is the unicyclic graph obtained from the cycle C4 by attaching 2α − n pendent edges and n − α − 2
paths of length two at one vertex of C4, as shown in Fig. 4. Clearly, the graph V
∗
n,α has n vertices, α − 2
pendent vertices and independence number α.
If α = 2, then n = 4 and V∗n,α = C4.
Theorem 4.7. Let G be a unicyclic graph of order n 3 with p pendent vertices, girth at least 4 and inde-
pendence number α  3. If pα − 2, then λ(G) λ(V∗n,α), with equality holding if and only if G∼= V∗n,α.
Proof. By Theorem 3.1, we have λ(G) λ(U4,p). Note that U4,α−2 = V∗n,α since α  n2 . Now, by Lemma
4.3 and Theorem 3.2, it follows that λ(U4,p) λ(U4,α−2) = λ(V∗n,α).
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Fig. 5. The extremal graphs V
(i)
n,α of girth 4, i = 1, 2, 3, 4.
Moreover, the ﬁrst equality holds if and only ifG is isomorphic toU4,p and the second equality holds
if and only if p = α − 2. Combining these conditions, the result follows.
Next, by Lemma 4.4 we need to consider the cases p = α and α − 1.
We ﬁrst consider the case when p = α − 1
If α = 1, 2 or 3, there does not exist a unicyclic graph such that p = α − 1. In the following, we
shall assume that α  4.
Let C4 be the cycle with V(C4) = {v1, v2, v3, v4}. For n2 α < n − 1, the unicyclic graph V (1)n,α , as
shown in Fig. 5, is obtained from C4 by attaching one pendent edge to v2 and v4, and then attaching
2α − npendent edges andn − α − 3pendentpathsof length twoat v1. Similarly,wedeﬁne thegraphs
V
(2)
n,α , V
(3)
n,α , V
(4)
n,α , as shown in Fig. 5. Clearly, V
(1)
n,α , V
(3)
n,α and V
(4)
n,α have n vertices, α − 1 pendent vertices
and independence number α. V
(2)
n,α has n vertices, α pendent vertices and independence number α.
Theorem 4.8. Let G be a unicyclic graph of order n 6 with p pendent vertices, girth at least 4 and
independence number α  3. If p = α − 1, then λ(G) < λ(U∗n,α).
Proof. Let C be the cycle of Gwith V(C) = {v1, v2, . . . , vt} (t  4). Since p = α − 1, there exist a non-
pendent vertex v to form an independent set with cardinality α. Note that it can not occur in G that
there are three consecutive vertices of degree 2. We distinguish the following two cases.
Case 1. v is on the cycle.
Subcase 1.a. dv = 2 and the two neighbors of v are of degree at least 3.
If the girth ofG is at least 5, thenby Lemma2.5 and Lemma2.7, contracting or collapsing the internal
paths from the cycle and leaving v ﬁxed, we get a unicyclic graph G1 with girth 4 andμ(G)μ(G1). If
there are vertices not on the cycle of G1 having degree at least 3, letw be such a vertex with minimum
value of d(w, C). Again by Lemma 2.5 and Lemma 2.7, contracting or collapsing the internal path
connecting w and the cycle, while leaving v ﬁxed, we get a unicyclic graph G2 with μ(G1)μ(G2).
By Lemma 2.6, subdividing pendent edges of G2 in suitable places if necessary to keep the order
of the resulting graph being n, we get a graph G3 of order n and girth 4, and μ(G2)μ(G3). By
Lemma 4.1, comparing the eigencomponents corresponding to the vertices on the cycle C, we have
μ(G3)max{μ(V (1)n,α ),μ(V (3)n,α )}, and hence λ(G)μ(G)μ(G1)μ(G2)μ(G3)max{μ(V (1)n,α ),
μ(V
(3)
n,α )} = max{λ(V (1)n,α ), λ(V (3)n,α )}.
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Subcase 1.b. dv = 2 and exactly one of the two neighbors of v is of degree 2.
Similarly as above, we get μ(G)μ(V (4)n,α ).
Subcase 1.c. dv  3 and v is not a neighbor of a pendent vertex.
Similarly as above, we get μ(G)μ(V (2)n,α ).
Case 2. v is not on the cycle.
Similarly as above, we get μ(G)μ(V (2)n,α ), since all vertices in C have at least one pendent vertex
as neighbor.
From the above two cases, we have λ(G)max{λ(V (1)n,α ), λ(V (2)n,α ), λ(V (3)n,α ), λ(V (4)n,α )}. Note that the
graphs V
(i)
n,α (i = 1, 2, 3, 4) are bipartite, and hence α  n2 and(V (j)n,α) = α − 1 for j = 1, 2, 3;(V (4)n,α )
= α. By Lemma2.2 and Lemma2.3,we haveλ(V (i)n,α) < α + 2 < λ(U∗n,α) (i = 1, 2, 3, 4),which implies
the result. 
We now consider the case when p = α
If α = 1, 2 or 3, there does not exist unicyclic graph with p = α and girth greater than 3. In the
following, we shall assume that α  4.
Sincep = α, eachvertex inG is either apendentvertexor aneighborof apendentvertex.Henceeach
vi(1 i t) has at least one pendent neighbor vertex and t  n − p = n − α. It follows that nα + 4
and together with Lemma 4.3, we have α + 4 n 2α + 1.
Theorem 4.9. Let G be a unicyclic graph of order n 8 with p pendent vertices, girth at least 4 and
independence number α  4. If p = α, then λ(G) λ(V (2)n,α ). The equality holds if and only if G∼= V (2)n,α .
Proof. If α = 4, then n = 8 or 9. The unicyclic graph with 8 or 9 vertices satisfying p = α = 4 is
uniquely V
(2)
8,4 .
Suppose that Ti(i = 1, 2, . . . , t) are the trees rooted at the cycle vertex vi. If there are vertices
not on the cycle of G having degree at least 3, let w be such a vertex from Ti (different from the
root), with minimum value of d(w, C). As the proof of Subcase 1.a in Theorem 4.8, after contract-
ing the internal path or collapsing some edges between w and C, we get a new graph with larger
signless Laplacian spectral radius, while the number of vertices with degree at least 3 decreases. After
these transformations, there are no vertices other than the roots vi in Ti having degree at least 3,
and hence the distance between any pendent vertex and the cycle is at most 2. By Lemma 4.2,
comparing the components corresponding to the vertices in V(C) = {v1, v2, . . . , vt}, we have
λ(G) λ(V (2)n,α ). 
Now we present the main result of this paper.
Theorem 4.10. Let G be a unicyclic graph of order n 8 with independence number α  3. Then λ(G)
λ(U∗n,α), where λ(U∗n,α) is the largest root of the equation
x3 − (α + 5)x2 + (3α + 7)x − n = 0.
The equality holds if and only if G∼=U∗n,α. Moreover, α + 2 λ(U∗n,α) < α + 2 + 1α .
Proof. Based on the previous results, we only need to compare λ(U∗n,α) and λ(V∗n,α). Note that the
independence number of V∗n,α is at least n2 , since V
∗
n,α is bipartite. By Lemma 2.3,
λ(V∗n,α) < α +
(2α − n) + 2(n − α − 2) + 2 + 2
α
= α + n
α
α + 2,
while by Lemma2.2,λ(U∗n,α)α + 2. Therefore,λ(V∗n,α) < α + 2 λ(U∗n,α), which implies the result.
From Lemma 2.8 and Lemma 2.1, we have
λ(U∗n,α) = λ(U∗n,α − u1u2) = μ(U∗n,α − u1u2) = μ.
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We consider the matrix Q(U∗n,α − u1u2) and its principal eigenvector. By symmetry, suppose that
the eigencomponents corresponding to the vertices u, u3, v, w are x1, x2, x3, x4, respectively. It
follows
μx1 = x1 + x2,
μx2 = (α + 1)x2 + (2α − n + 3)x1 + (n − α − 2)x3,
μx3 = 2x3 + x2 + x4,
μx4 = x4 + x3.
Simplifying the above system of equations, we ﬁnally get
μ4 − (α + 5)μ3 + (3α + 7)μ2 − nμ = 0.
Let f (x) = x3 − (α + 5)x2 + (3α + 7)x − n. By direct computation, it follows
f (α + 2) = α + 2 − n 0
and
f
(
α + 2 + 1
α
)
= 3 + 1
α3
+ 1
α2
+ 1
α
+ 2α − n > 0.
Therefore, α + 2 λ(U∗n,α) < α + 2 + 1α . 
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